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Devwudfw

Wklv sdshu h{dplqhv krz vhqvlwlyh wkh uhvxowv lq wkh olwhudwxuh rq wlph frqvlvwhqw

prqhwdu| srolf| duh wr fkdqjhv lq wkh vxsso| vlgh prgholqj1 Lw lv irxqg wkdw d ydulhw|

ri dowhuqdwlyh prghov ri wkh vxsso| vlgh |lhog hlwkhu wkh vdph ru yhu| vlplodu uhvxowv

dv wkh wudglwlrqdo prgho grhv1 Wkhuh lv dozd|v dq lq dwlrq eldv xqghu glvfuhwlrq dqg

d vwdelol}dwlrq eldv xqghu glvfuhwlrq lq wkh suhvhqfh ri rxwsxw shuvlvwhqfh1 Pruhryhu/

wkh lpsrvlwlrq ri d vwdwh0frqwlqjhqw olqhdu lq dwlrq frqwudfw pdnhv wkh fhqwudo edqn

dfw dv li lw frxog frpplw wr dq rswlpdo srolf| uxoh iru lq dwlrq1

�Wklv sdshu kdv ehqh�wwhg juhdwho| iurp lghdv/ glvfxvvlrqv dqg frpphqwv e| Oduv H1 R1 Vyhqvvrq1 L

dp dovr wkdqnixo wr Dqghuv Sddo}rz/ Vwhidq Sdoptylvw dqg Sdxo Vùghuolqg iru ydoxdeoh frpphqwv dqg

vxjjhvwlrqv1
|Ghsduwphqw ri Hfrqrplfv/ Er{ 9834/ V0446 ;6 Vwrfnkrop/ Vzhghq1 H0pdlo= qhpiCkkv1vh/ skrqh= . 79
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41 Lqwurgxfwlrq

Lqvsluhg e| N|godqg ) Suhvfrww +4<::,/ Eduur ) Jrugrq +4<;6, dqg Urjr� +4<;8,/ d frq0
vlghudeoh olwhudwxuh rq fhqwudo edqn ehkdylru dqg lwv wlph frqvlvwhqf| sureohp kdv ehhq
ghyhorshg gxulqj wkh odvw ghfdgh1 Frpprq wr prvw ri wkhvh duwlfohv lv wkdw wkh| kdyh
hpsor|hg d txdgudwlf orvv ixqfwlrq dqg dvvxphg wkdw prqhwdu| srolf| kdv h�hfwv yld d wud0
glwlrqdo Skloolsv fxuyh14 Wkh remhfwlyh ri wklv sdshu lv wr h{dplqh wkh vhqvlwlylw| ri wkh
rewdlqhg uhvxowv wr wkh vshfl�f irupxodwlrq ri wkh Skloolsv fxuyh1 L zloo xvh gl�huhqw nlqgv
ri vxsso| vlgh prgholqjv wr hqg xs zlwk wzr yduldqwv ri wkh Skloolsv fxuyh1 Wkhvh Skloolsv
fxuyhv zloo eh xvhg lq d iudphzrun vlplodu wr wkdw ri Vyhqvvrq +4<<8,1

Lq wkhlu vhplqdo sdshu/ N|godqg dqg Suhvfrww qrwhg wkdw wkhuh zloo eh dq lq dwlrq eldv
zkhq wkh fhqwudo edqn dfwv xqghu glvfuhwlrq/ l1h1 wkh htxloleulxp lq dwlrq zloo eh kljkhu
wkdq wkh rswlpdo lq dwlrq udwh zkhq wkh fhqwudo edqn grhv qrw lqwhuqdol}h wkh h�hfwv lwv
ehkdylru kdv rq h{shfwdwlrqv1 Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw vxusulvh lq dwlrq zloo
udlvh rxwsxw lq wkh vkruw uxq1 Li lq dwlrq lv h{shfwhg wr eh rq lwv wdujhw ohyho/ wkh pdujlqdo
frvw ri lq dwlrq lv orzhu wkdq wkh pdujlqdo ehqh�w lq dwlrq vxusulvhv uhqghu lq whupv ri
lqfuhdvhg rxwsxw1 Htxloleulxp zloo eh rewdlqhg dw wkh ohyho ri lq dwlrq h{shfwdwlrqv zkhuh
wkh pdujlqdo ehqh�w ri lqfuhdvhg rxwsxw htxdov pdujlqdo frvw ri lqfuhdvhg lq dwlrq1 Wklv
uhtxluhv lq dwlrq wr eh kljkhu wkdq wkh wdujhw udwh1 Krzhyhu/ vlqfh wkh djhqwv duh dvvxphg
wr kdyh udwlrqdo h{shfwdwlrqv/ rxwsxw zloo rqo| uhvsrqg wr frqwhpsrudqhrxv vkrfnv dqg lw
zloo rq dyhudjh eh dw lwv qdwxudo ohyho1 D ehwwhu rxwfrph iru vrflhw| zrxog eh rewdlqhg li
wkh fhqwudo edqn frxog frpplw wr vhw wkh lq dwlrq udwh dffruglqj wr d vshfl�f uxoh1 Lq wkdw
fdvh/ rxwsxw zrxog iroorz wkh vdph sdwk dv xqghu glvfuhwlrq/ exw lq dwlrq zrxog rq dyhudjh
eh dw lwv wdujhw ohyho15

Vrph uhfhqw sdshuv/ h1j1 Orfnzrrg ) Sklolssrsrxorv +4<<7,/ Orfnzrrg/ Ploohu ) ]kdqj
+4<<8, dqg Vyhqvvrq +4<<8, doorz iru shuvlvwhqfh lq rxwsxw +ru lq xqhpsor|phqw,1 D jhqhudo
uhvxow iurp wkhvh sdshuv lv wkdw rxwsxw zloo qrw iroorz wkh vdph sdwk xqghu glvfuhwlrq dv xqghu
frpplwphqw1 Lqvwhdg/ lq dwlrq zloo eh wrr yrodwloh dqg rxwsxw wrr vwdeoh xqghu glvfuhwlrq1
Wkh uhdvrq lv wkdw orz rxwsxw lv qrw rqo| edg shu vh/ exw wkdw lw dovr lqfuhdvhv wkh lq dwlrq
eldv xqghu glvfuhwlrq1 Wkhuhiruh lw ehfrphv pruh lpsruwdqw wr dyrlg rxwsxw  xfwxdwlrqv
xqghu glvfuhwlrq wkdq xqghu frpplwphqw1 Vyhqvvrq +4<<8, uhihuv wr wklv surshuw| dv d
vwdelol}dwlrq eldv1

Odwho|/ Shuvvrq ) Wdehoolql +4<<6,/ Zdovk +4<<8, dqg Orfnzrrg/ Ploohu ) ]kdqj +4<<8,
kdyh vkrzq krz wr irupxodwh fhqwudo edqn frqwudfwv zklfk hqdeoh rswlpdo prqhwdu| srolf|
wr eh frpelqhg zlwk wlph frqvlvwhqf|1 Suhylrxv sdshuv/ h1j1 Urjr� +4<;8, dqg Iorrg
) Lvddug +4<;<, kdyh vxjjhvwhg lpsuryhphqwv iurp wkh glvfuhwlrqdu| vfhqdulr/ exw wkhvh
lpsuryhphqwv glg qrw uhvxow lq wkh vrfldo rswlpxp1 Wkh sdshuv e| Shuvvrq dqg Wdehoolql
dqg e| Zdovk vkrz wkdw d vlpsoh olqhdu lq dwlrq frqwudfw lpsolflwo| zloo pdnh wkh fhqwudo
edqn lqwhuqdol}h lwv h�hfwv rq lq dwlrq h{shfwdwlrqv vr wkdw lw zloo dfw dv xqghu frpplwphqw1
Orfnzrrg/ Ploohu dqg ]kdqj kdyh ixuwkhu ghyhorsshg wklv lghd dqg doorzhg iru shuvlvwhqfh
lq rxwsxw1 Wkh| vkrz wkdw lq wkh suhvhqfh ri rxwsxw shuvlvwhqfh/ wkh lq dwlrq frqwudfw pxvw

4Shuvvrq ) Wdehoolql +4<<6, lv dq h{fhswlrq1 Lq wkdw sdshu/ wkh orvv ixqfwlrq lv ri d jhqhudo irup1
5N|godqg dqg Suhvfrww looxvwudwhg wkhlu uhvxow zlwk d ghwhuplqlvwlf h{dpsoh/ exw odwhu sdshuv w|slfdoo|

doorz iru vxsso| vkrfnv1

5



eh frqwlqjhqw rq suhylrxv rxwsxw wr uhqghu rswlpdolw| � zkhq rxwsxw lv orz/ lq dwlrq vkdoo
eh ohvv shqdol}hg1 Vyhqvvrq +4<<8, vkrzv wkdw wkh vdph uhvxowv fdq eh rewdlqhg li d vwdwh0
frqwlqjhqw lq dwlrq wdujhw lv lpsohphqwhg lqvwhdg ri d vwdwh0frqwlqjhqw lq dwlrq frqwudfw1

Wkh wkuhh uhvxowv uhsruwhg deryh +wkh lq dwlrq eldv xqghu glvfuhwlrq/ wkh vwdelol}dwlrq
eldv xqghu glvfuhwlrq lq wkh suhvhqfh ri rxwsxw shuvlvwhqfh dqg wkh srvvlelolw| wr rewdlq
rswlpdolw| zlwk vwdwh0frqwlqjhqw olqhdu lq dwlrq frqwudfwv, duh wkrvh L �qg ixqgdphqwdo dqg
lpsruwdqw lq wkh olwhudwxuh rq wkh wlph frqvlvwhqf| sureohp ri prqhwdu| srolf|1 Wklv sdshu
zloo eh ghyrwhg wr h{dplqlqj wkh urexvwqhvv ri wkhvh uhvxowv wr fkdqjhv lq wkh vshfl�fdwlrq
ri wkh vxsso| vlgh prgholqj1

Lq wkh qh{w vhfwlrq/ L zloo ghvfuleh wkh edvlf prgho vhwxs1 L wkhq eulh | vxppdul}h wkh
uhvxowv iurp wkh prgho zlwk d wudglwlrqdo Skloolsv fxuyh1 Lq vhfwlrq 7/ L h{soruh wkh h�hfwv ri
xvlqj Qhz Nh|qhvldq dvvxpswlrqv derxw zdjh dqg sulfh irupdwlrq1 Wkh iroorzlqj vhfwlrq
h{whqgv rqh ri wkh Qhz Nh|qhvldq prghov lq vhfwlrq 7 e| doorzlqj iru orqj whup qrplqdo
frqwudfwv1 Lq vhfwlrq 9/ L lqwurgxfh shuvlvwhqfh wr wkh dqdo|vlv1 Ilqdoo|/ vhfwlrq : frqfoxghv1

51 Prgho

Wkh vrflhw| dqg wkh fhqwudo edqn duh dvvxphg wr kdyh suhihuhqfhv ryhu wkh lq dwlrq udwh dqg
wkh rxwsxw ohyho1 Wkh orvv ixqfwlrq dw wlph | lv

u| '
�

2

k
EZ| � ZW�2 n b E+| � +W�2

l
c +4,

zkhuh Z| lv wkh lq dwlrq udwh dw wlph |/ ZW lv wkh ghvluhg lq dwlrq udwh/ +| lv wkh ghyldwlrq
ri rxwsxw iurp lwv wuhqg ohyho dqg +W lv wkh ghvluhg ghyldwlrq ri rxwsxw iurp lwv wuhqg ohyho1
Wkh vrfldo orvv ixqfwlrq ryhu wlph lv wkhq jlyhq e|

T ' .f

"[
|'�

q|3�u|c +5,

zkhuh q lv wkh glvfrxqw idfwru1
Wkurxjkrxw wkh dqdo|vlv/ wkh fhqwudo edqn lv dvvxphg wr kdyh wkh vdph suhihuhqfhv dv

vrflhw|1 Lw lv dovr dvvxphg wr kdyh shuihfw frqwuro ryhu wkh lq dwlrq udwh1 Wkh lq dwlrq udwh
dw wlph | lv vhw diwhu wkh fhqwudo edqn kdv revhuyhg wkh vxsso| vkrfn/ "|1 Zkhq wkh vxsso|
vkrfn kdv ehhq revhuyhg/ exw ehiruh wkh fhqwudo edqn kdv vhw wkh lq dwlrq udwh/ Z|/ sulydwh
djhqwv irup h{shfwdwlrq iru ixwxuh shulrgv/ l1h1 ri Z|n�c Z|n2c hwf1 Wklv wlplqj zloo |lhog wkh
vdph uhvxowv dv wkh pruh uhdolvwlf prgholqj zkhuh djhqwv irup h{shfwdwlrqv vlpxowdqhrxvo|
zlwk wkh fhqwudo edqn*v dfwlrq16

6
Wkh vhwxs L kdyh lq plqg lv= Iluvw �w lv revhuyhg e| doo djhqwv1 Vhfrqg/ sulydwh djhqwv dqg wkh fhqwudo

edqn irup h{shfwdwlrqv dqg dfwv uhvshfwlyho|1 Wklug/ vwloo lq wkh ehjlqqlqj ri shulrg w/ li hlwkhu wkh djhqwv

ru wkh fhqwudo edqn lv glvvdwlv�hg zlwk lwv ghflvlrq/ zh uhshdw dw wkh vhfrqg vwhs1 Wklv frqwlqxhv xqwlo erwk

vlghv duh frqwhqw zlwk wkhlu ghflvlrqv1
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61 Wudglwlrqdo Skloolsv fxuyh

Lq rughu iru prqhwdu| srolf| wr kdyh h�hfwv/ wkhuh pxvw eh vrph uljlglw| ru lpshuihfwlrq rq
wkh pdunhw1 Lq wkh wlph frqvlvwhqf| olwhudwxuh/ wkh lpshuihfwlrq kdv xvxdoo| ehhq prghohg
dv zdjh dqg sulfh uljlglwlhv |lhoglqj d wudglwlrqdo h{shfwdwlrqv dxjphqwhg Skloolsv fxuyh lq
wkh vslulw ri Iulhgpdq dqg Skhosv1 Ilupv vhw zdjhv dqg sulfhv dw wlph | ehiruh revhuylqj
wkh surgxfwlylw| vkrfn/ "|c zklovw wkh fhqwudo edqn vhwv lq dwlrq dw | diwhu kdylqj revhuyhg
wkh vkrfn1 Zdjhv dqg sulfhv duh wkhuhiruh edvhg rq lq dwlrq h{shfwdwlrqv/ zklfk uhvxowv lq
wkh Skloolsv fxuyh

+| ' 4+|3� n k
�
Z| � Ze

|c|3�

�
n "|c +6,

zkhuh 4 lv d phdvxuh ri wkh ghjuhh ri shuvlvwhqfh lq rxwsxw dqg Ze
|c|3� � .|3�Z| lv wkh

h{shfwdwlrq ri lq dwlrq lq shulrg |/ iruphg lq shulrg | � �1 Wkh lpsolfdwlrqv dqg uhvxowv
ri wklv vhwxs kdyh ehhq frpsuhkhqvlyho| dqdo|}hg dqg vxuyh|hg lq Vyhqvvrq +4<<8,1 L zloo
eulh | vxppdul}h wkhvh uhvxowv wr xvh iru odwhu uhihuhqfh1

Zlwk wklv vhwxs ri wkh prgho/ wkhuh lv reylrxvo| d wlph frqvlvwhqf| sureohp1 Jlyhq
lq dwlrq h{shfwdwlrqv/ vxusulvlqjo| kljk lq dwlrq zloo lqfuhdvh rxwsxw1 Vlqfh djhqwv duh
udwlrqdo/ wkh| zloo wdnh wkh wlph frqvlvwhqf| sureohp lqwr dffrxqw zkhq iruplqj h{shfwdwlrqv1

Zh dvvxph wkdw wkh fhqwudo edqn zlvkhv wr plqlpl}h wkh vrfldo orvv ixqfwlrq +5,1 Lq wkh
devhqfh ri rxwsxw shuvlvwhqfh/ wkh sureohp lv vwdwlf dqg htxlydohqw wr wkh fhqwudo edqn*v
plqlpl}dwlrq ri htxdwlrq +4,1

6141 Frpplwphqw

Xqghu frpplwphqw/ zh dvvxph wkh fhqwudo edqn fdq frpplw wr iroorz vrph srolf| uxoh iru
lq dwlrq1 Wkh sureohp lv wkhq wr vroyh wkh Ehoopdq htxdwlrq

T E+|3�� ' 4�?
Z|cZ

e
|c|3�

.|3�

�
�

2

k
EZ| � ZW�2 n b E+| � +W�2

l
n qT E+|�

�
+7,

vxemhfw wr +6,1
Wkh vroxwlrq wr wklv sureohp lv wkh uhdfwlrq ixqfwlrq7

Z| ' @S � KS"|c

zkhuh

@S ' ZW dqg KS '
bk

� n bk2 � q42
�

Wklv lpsolhv
+| ' 4+|3� n E�� kKS� "|�

7Vhh Vyhqvvrq +4<<8,1
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6151 Glvfuhwlrq

Xqghu glvfuhwlrq/ wkh fhqwudo edqn grhv qrw lqwhuqdol}h wkh h�hfwv ri lwv ehkdylru rq h{shf0
wdwlrqv1 Wkh edqn vroyhv wkh Ehoopdq htxdwlrq

T E+|3�� ' 4�?
Z|

�
�

2

k
EZ| � ZW�2 n b E+| � +W�2

l
n q.|T E+|�

�
+8,

vwloo vxemhfw wr +6, exw zlwk lq dwlrq h{shfwdwlrqv/ Ze
|c|3�c jlyhq1

Wkh vroxwlrq lv
Z| ' @_ � K_"| � S_+|3�c +9,

zkhuh

@_ ' ZW n
bk+W

�� q4� qkS_
c K_ '

bkn qk
�
S_
�2

� n bk2 � q42 n qk2 ES_�2

dqg

S_ '
�� q42 �

t
E�� q42�2 � ebqk242

2qk4
�

Zkhq wkhuh lv qr shuvlvwhqfh/ l1h1 zkhq 4 ' f/ wkh h{suhvvlrqv duh

@_ ' ZW n bk+Wc K_ '
bk

� n bk2
dqg S_ ' f� +:,

6161 Surshuwlhv ri lq dwlrq dqg rxwsxw

Iurp wkh rewdlqhg uhdfwlrq ixqfwlrqv deryh/ zh vhh wkdw zkhq wkh fhqwudo edqn fdq frpplw
wr iroorz dq rswlpdo srolf| uxoh/ lq dwlrq zloo rq dyhudjh eh dw wkh ghvluhg ohyho1 Erwk
lq dwlrq dqg rxwsxw zloo  xfwxdwh lq uhvsrqvh wr vxsso| vkrfnv/ exw wkhvh  xfwxdwlrqv duh
rswlpdo +jlyhq wkh oderu pdunhw glvwruwlrq dqg wkh rxwsxw shuvlvwhqfh,1 Wklv vfhqdulr zloo
eh uhihuuhg wr dv wkh vhfrqg ehvw vroxwlrq18

Ixuwkhu/ zh qrwh wkdw li wkh fhqwudo edqn fdqqrw fuhgleo| frpplw/ wkhuh zloo eh d srvlwlyh
lq dwlrq eldv1 Li wkhuh lv qr shuvlvwhqfh lq rxwsxw/ erwk lq dwlrq dqg rxwsxw zloo iroorz wkh
vdph sdwk dv xqghu frpplwphqw/ h{fhsw wkdw wkh sdwk iru lq dwlrq zloo eh dw d kljkhu ohyho
xqghu glvfuhwlrq wkdq xqghu frpplwphqw1 Li wkhuh lv shuvlvwhqfh/ krzhyhu/ rxwsxw zloo eh
pruh vwdeoh dqg lq dwlrq pruh yrodwloh xqghu glvfuhwlrq wkdq xqghu frpplwphqw1

Shuvvrq ) Wdehoolql +4<<6, dqg Zdovk +4<<8, kdyh vkrzq wkdw d vhfrqg ehvw vroxwlrq
fdq eh rewdlqhg xqghu glvfuhwlrq li wkh fhqwudo edqn*v orvv ixqfwlrq fdq eh dowhuhg1 Wkh
jryhuqphqw +iru h{dpsoh, vkrxog sxqlvk wkh fhqwudo edqn li lq dwlrq lv wrr kljk/ jlyhq
suhylrxv rxwsxw1 E| lpsohphqwlqj d vwdwh0frqwlqjhqw olqhdu lq dwlrq frqwudfw/ wkh fhqwudo
edqn*v orvv ixqfwlrq ehfrphv

uK
| '

�

2

k
EZ| � ZW�2 n b E+| � +W�2

l
n E&f n &�+|3�� EZ| � ZW� � +;,

Zkhq wkh fhqwudo edqn kdv wklv orvv ixqfwlrq dqg zrunv xqghu glvfuhwlrq/ zh fdq �qg ydoxhv
rq wkh frqvwdqwv &f dqg &� zklfk pdnh wkh rxwfrph rswlpdo iru d vrflhw| zlwk wkh orvv
ixqfwlrq jlyhq e| htxdwlrq +4,1

8Wkh �uvw ehvw vroxwlrq zrxog eh wr uhpryh wkh oderu pdunhw lpshuihfwlrq1
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Lq wkh uhpdlqghu ri wklv sdshu/ L zloo h{dplqh krz urexvw wkhvh surshuwlhv ri lq dwlrq/
rxwsxw dqg rswlpdo frqwudfwv duh wr wkh vshfl�f qdwxuh ri wkh vxsso| vlgh prgholqj1

71 Qhz Nh|qhvldq Skloolsv fxuyh

Lq wklv vhfwlrq/ L zloo h{soruh wkh lpsolfdwlrqv ri uhsodflqj wkh wudglwlrqdo Skloolsv fxuyh/ +6,/
zlwk rqh ghulyhg iurp Qhz Nh|qhvldq wlph0ghshqghqw vwlfn| sulfh prghov1 Dv vkrzq e|
h1j1 Urehuwv +4<<8,/ wkh prghov ri Wd|oru +4<:<,/ Urwhpehuj +4<;5, dqg Fdoyr +4<;6, fdq
eh fkdudfwhul}hg e| d frpprq Skloolsv fxuyh/

+| ' k EZ| �.|Z|n�� n "|� +<,

Wd|oru*v prgho lv rqh ri vwdjjhuhg zdjh vhwwlqj zkhuh �upv vhw qrplqdo zdjhv iru wzr
shulrgv1 Kdoi ri wkhp vhw zdjhv lq rgg shulrgv dqg wkh rwkhu kdoi vhw sulfhv lq hyhq shulrgv1
Urwhpehuj*v prgho lv udwkhu gl�huhqw exw wkh uhvxowlqj Skloolsv fxuyh lv vwloo wkh vdph1 Kh
dvvxphv wkhuh lv d txdgudwlf frvw wr fkdqjlqj wkh qrplqdo sulfh dw d sduwlfxodu wlph1 Ilqdoo|/
Fdoyr*v prgho lv vlplodu wr Wd|oru*v1 Dw hdfk wlph shulrg/ �upv duh dvvxphg wr eh deoh wr
fkdqjh wkhlu sulfh rqo| li wkh| uhfhlyh d udqgrp vljqdo1 Wkhvh prghov duh vxppdul}hg lq
Urehuwv dqg lq Eodqfkdug ) Ilvfkhu +4<;<,1

L zloo devwudfw iurp rxwsxw shuvlvwhqfh lq wklv vhfwlrq1 Shuvlvwhqfh zloo eh lqwurgxfhg
odwhu lq wkh sdshu zkhq L dqdo|}h d pruh frpsolfdwhg prgho/ ri zklfk wklv vhwxs lv d vshfldo
fdvh19

Vlqfh wkh djhqwv* h{shfwdwlrqv duh iruphg vlpxowdqhrxvo| zlwk wkh fhqwudo edqn*v dfwlrq/
lw lv qrw lpphgldwho| fohdu wkdw wkh fhqwudo edqn idfhv d wlph frqvlvwhqf| sureohp zkhq wkh
Skloolsv fxuyh lv jlyhq e| +<,1 Wkhuh lv d wlph frqvlvwhqf| sureohp wkrxjk/ dqg wklv dulvhv
ehfdxvh zkhq wkh fhqwudo edqn zrunv xqghu glvfuhwlrq/ zkdwhyhu lw grhv wrgd| lw fdqqrw
lq xhqfh h{shfwdwlrqv derxw zkdw lw zloo gr wrpruurz1 Hyhq li wkh edqn dqqrxqfhv wkdw lw
zloo vhw lq dwlrq dffruglqj wr wkh vrfldoo| rswlpdo uxoh/ dqg lv revhuyhg wr gr vr wrgd|/ lw lv
qrw fuhgleoh wkdw lw zloo frqwlqxh wr gr vr lq wkh ixwxuh1

7141 Frpplwphqw

Xqghu frpplwphqw/ zh dvvxph wkh fhqwudo edqn dw wlph | ' f fdq frpplw wr iroorz vrph
srolf| uxoh } E�� iru lq dwlrq1 Vlqfh wkhuh lv qr shuvlvwhqfh lq wkh hfrqrp|/ wkh rswlpdo srolf|

9Lw lv idluo| vwudljkw iruzdug exw d elw fxpehuvrph wr rewdlq dq dqdo|wlfdo vroxwlrq iru wkh frpplwphqw

vfhqdulr lq wkh suhvhqfh ri rxwsxw shuvlvwhqfh1 Vlqfh wkh sureohp lv olqhdu0txdgudwlf/ zh nqrz wkdw wkh

ydoxh ixqfwlrq zloo eh txdgudwlf/ Y +|w, @ �
3
. �

4
|w . �

5
|5
w
> dqg wkdw wkh rswlpdo uhdfwlrq ixqfwlrq zloo eh

olqhdu lq wkh vwdwh yduldeohv/ �w @ !3 . !4%w . !5|w�41 Xqghu frpplwphqw/ zh vrrq �qg wkdw !5 @ 31 Lw lv
wkhq hdv| wr vroyh wkh sureohp/ dqg wkh vroxwlrq lv wkh vdph dv lq wkh wudglwlrqdo prgho1 Xqghu glvfuhwlrq/

krzhyhu/ lq dwlrq zloo ghshqg rq odjjhg rxwsxw dqg L kdyh qrw ehhq deoh wr vroyh wkdw sureohp dqdo|wlfdoo|1

Wkhuhiruh/ L rqo| uhsruw wkh vroxwlrqv lq wkh devhqfh ri shuvlvwhqfh1

Vlqfh wkh prgho xvhg lq wklv vhfwlrq lv d vshfldo fdvh ri wkh Exlwhu0Ploohu prgho L xvh lq vhfwlrq 8 dqg 9/ L

kdyh ehhq deoh wr vroyh wkh prgho qxphulfdoo|1 Lw wxuqv rxw wkdw wkh sdwkv ri erwk lq dwlrq dqg rxwsxw zloo

eh h{dfwo| wkh vdph lq wklv prgho dv lq wkh wudglwlrqdo prgho dovr zkhq shuvlvwhqfh lv lqwurgxfhg/ dqg wklv

krogv erwk xqghu frpplwphqw dqg xqghu glvfuhwlrq1

9



uxoh zloo eh d ixqfwlrq ri frqwhpsrudqhrxv vkrfnv rqo|/ l1h1

Z| ' } E"|� ;|�

Li lq dwlrq dw | uhdfwhg wr hduolhu vkrfnv/ wkhvh uhdfwlrqv zrxog eh iruhvhhq e| wkh djhqwv dqg
wkhuhiruh qrw kdyh dq| lpsdfw rq rxwsxw1

Wkh fhqwudo edqn kdv wr fkrrvh wkh srolf| ixqfwlrq h{ dqwh/ l1h1 lw fkrrvhv wkh ixqfwlrq
} E"� wkdw vroyhv

4�?
}Eu�

T

vxemhfw wr +<,/ zklfk zlwk rxu dvvxpswlrqv lv htxlydohqw wr fkrrvlqj } E"� wr vroyh
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r
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Zh qrz vhh wkdw wklv sureohp lv htxlydohqw wr wkh sureohp zlwk wkh wudglwlrqdo Skloolsv
fxuyh1: Vrphzkdw vxusulvlqjo| wkxv/ wkh rswlpdo srolf| uxoh zloo eh wkh vdph lq wkh wzr
prghov1 Wkh uhdvrq iru wklv uhvxow lv wkdw zkhq wkh fhqwudo edqn fkrrvhv lwv rswlpdo srolf|
uxoh/ lw frqvlghuv wkh h�hfwv wkh uxoh kdv rq lq dwlrq h{shfwdwlrqv dwdq| wlph +vlqfh lq dwlrq
h{shfwdwlrqv duh vwdwlf,1 Wkhuhiruh/ lw grhv qrw pdwwhu li lq dwlrq h{shfwdwlrqv duh gdwhg
|� � ru |1

7151 Glvfuhwlrq

Xqghu glvfuhwlrq/ wkh fhqwudo edqn lv dvvxphg qrw wr eh deoh wr frpplw wr iroorz vrph srolf|
uxoh1 Wklv lpsolhv wkdw wkh fhqwudo edqn*v dfwlrqv wrgd| gr qrw dowhu h{shfwdwlrqv ri lwv ixwxuh
ehkdylru1; Wkhuhiruh/ dqg vlqfh zh kdyh dvvxphg wkdw wkhuh lv qr shuvlvwhqfh lq rxwsxw/ wkh
fhqwudo edqn idfhv wkh vdph sureohp dw hdfk wlph |1 Wkh fhqwudo edqn*v plqlpl}dwlrq ri
htxdwlrq +5, lv wkxv htxlydohqw wr lwv plqlpl}dwlrq ri htxdwlrq +4, dw hdfk wlph |1 Wkh
sureohp lv wkhq vwdwhg dv

4�?
Z|

u|

vxemhfw wr +<,1 Wkh �uvw rughu frqglwlrq iru wklv sureohp lv

Z| � ZW n bk E+| � +W� ' f� +44,

:Wr vhh wklv/ mxvw uhirupxodwh wkh wudglwlrqdo sureohp +7,1 Wkh fhqwudo edqn fdq frpplw wr iroorz vrph

srolf| uxoh iru lq dwlrq/ �w @ j +�w,1 Lwv sureohp lv wr fkrrvh j +�, wr vroyh

plq
j+�,

H3O4 @

]
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k
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5
. � +|w � |�,

5
l
gI +%,

vxemhfw wr |w @ �
�
�w �

U
j +%3, gI +%3,

�
1 Wklv lv hylghqwo| wkh vdph sureohp dv +43,1

;L1h1 zh gh�qh glvfuhwlrq wr phdq wkh devhqfh ri dq| lq xhqfh ri uhsxwdwlrq dqg klvwrulfdo ehkdylru rq

h{shfwdwlrqv1

:



Xvlqj htxdwlrq +<, lq htxdwlrq +44,/ zh jhw
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Ohdglqj +45, rqfh dqg wdnlqj h{shfwdwlrqv |lhogv
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Vlqfh b : f/ zh vhh wkdw
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Dvvxplqj wkdw lq dwlrq h{shfwdwlrqv gr qrw jurz zlwkrxw erxqgv/ wklv lpsolhv wkdw wkh odvw
whup lq +46, glvdsshduv dqg wkdw
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Zh xvh wklv wr vroyh iru wkh lq dwlrq udwh dw wlph | lq htxdwlrq +45,=
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Wkh fhqwudo edqn*v uhdfwlrq ixqfwlrq lv reylrxvo| h{dfwo| wkh vdph dv lq wkh fdvh zlwk wkh
wudglwlrqdo Skloolsv fxuyh1 Wklv lv qrw vxusulvlqj vlqfh wkh rqo| gl�huhqfh ehwzhhq wkh wzr
prghov lv wkh wlplqj ri lq dwlrq h{shfwdwlrqv dqg wkhvh duh qrw frqvlghuhg lq wkh fhqwudo
edqn*v rswlpl}dwlrq sureohp1

7161 Surshuwlhv ri lq dwlrq dqg rxwsxw

Zh kdyh vhhq wkdw wkh srolf| uxohv/ erwk xqghu frpplwphqw dqg xqghu glvfuhwlrq/ duh h{0
dfwo| wkh vdph zkhq zh xvh wklv iruzdug0orrnlqj vxsso| vlgh prgholqj/ dv zkhq zh xvh wkh
wudglwlrqdo Skloolsv fxuyh1 Lw lv wkhuhiruh hylghqw wkdw wkh surshuwlhv ri lq dwlrq dqg rxwsxw
zloo eh wkh vdph lq wklv vfhqdulr dv lq wkh wudglwlrqdo1 Vlqfh wkh sureohpv zloo uhpdlq htxly0
dohqw dovr li zh lpsohphqw d olqhdu lq dwlrq frqwudfw dv vshfl�hg lq htxdwlrq +;,/ wkh rswlpdo
vroxwlrq zloo vwloo eh rewdlqhg zlwk wkdw frqwudfw1

;



81 Orqj whup qrplqdo frqwudfwlqj

Wkh prgho xvhg lq wklv vhfwlrq lv yhu| vlplodu wr wkdw ri Fxuulh ) Ohylqh +4<<6/ fkdswhu
9,1 Wkhlu prgho lv lqvsluhg e| Wd|oru*v vwdjjhuhg sulfh prgho dqg lv vlplodu wr wkh prgho lq
Exlwhu ) Ploohu +4<;6,1 Lqvwhdg ri dvvxplqj d �{hg frqwudfw ohqjwk ri wzr |hduv/ Fxuulh dqg
Ohylqh dvvxph d sursruwlrq > vxuylyhv iurp rqh shulrg wr wkh qh{w1 Wkh prgho lv vshfl�hg
dv

+| ' k EZ| � S|� n "| +48,

S| ' E�� >�
�
^|3� n >^|32 n >2^|3� n ���

�
+49,

^| ' E�� >�
�
Ze
|n�c| n >Ze

|n2c| n >2Ze
|n�c| n ���

�
+4:,

zkhuh S| ghqrwhv fruh lq dwlrq/ ^| ghqrwhv frqwudfw lq dwlrq dqg Ze
|nrc| ghqrwhv h{shfwdwlrqv

dw | ri lq dwlrq dw wlph | n r1 Zh lpphgldwho| revhuyh wkdw vhwwlqj > ' f/ zh rewdlq wkh
prghov dqdo|}hg lq vhfwlrq 61 Wkh| duh wkxv d vshfldo fdvh ri wklv prgho1

Fxuulh dqg Ohylqh vroyh wkh prgho/ qxphulfdoo| lq wkh fdvh ri frpplwphqw dqg +sduwo|,
dqdo|wlfdoo| xqghu glvfuhwlrq/ exw wkhlu sdshu dqdo|}hv wkh zhoiduh orvv xqghu frpplwphqw/
glvfuhwlrq dqg xqghu d vlpsoh uxoh1 Wkhlu uhvxowv zloo wkhuhiruh qrw eh ri pxfk ydoxh iru p|
dqdo|vlv/ exw L zloo ehqh�w yhu| pxfk iurp wkhlu vroxwlrq phwkrgv1

Wr vroyh wkh prgho/ zh qhhg wr uhirupxodwh lw1 Iluvw/ qrwh wkdw +49, lpsolhv wkh iroorzlqj
g|qdplfv ri S=
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Wkh vwdwh yhfwru lv sduwlwlrqhg dffruglqj wr wkh suhghwhuplqhg dqg qrq0suhghwhuplqhg ydul0

deohv dv ~| '
k
f| �̂e|

l
�

dqg wkh yhfwru ri lqqrydwlrqv lv sduwlwlrqhg dv 1|n� '
k
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1
Zh dovr qhhg wr zulwh wkh remhfwlyh ixqfwlrq lq whupv ri wkh yduldeohv lq wkh prgho1 Ohw
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zklfk L h{suhvv lq frqghqvhg irup dv
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Qrz/ wkh orvv ixqfwlrq +4, fdq eh zulwwhq lq whupv ri wkh wdujhw yduldeohv
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Wklv hqdeohv xv wr h{suhvv wkh orvv ixqfwlrq dv d txdgudwlf irup ri wkh vwdwh dqg frqwuro
yduldeohv rqo|
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8141 Frpplwphqw

Wkh dojrulwkp iru vroylqj wkh prgho qxphulfdoo| xqghu frpplwphqw lv glvfxvvhg lq dsshqgl{
D1 Wkh rswlpdo srolf| uxoh wxuqv rxw wr eh g|qdplfdoo| htxlydohqw wr wkdw ri wkh prgho zlwk
d wudglwlrqdo Skloolsv fxuyh lq wkh vhqvh wkdw vlpxodwhg sdwkv iru lq dwlrq dqg rxwsxw duh
h{dfwo| wkh vdph lq wkh wzr hfrqrplhv li wkh| duh klw e| wkh vdph vhtxhqfh ri vkrfnv1 Wklv
uhvxow iroorzv iurp wkh idfw wkdw frqwudfwlqj lv sxuho| iruzdug orrnlqj1 D vkrfn wr rxwsxw dw
wlph | zloo d�hfw frqwhpsrudqhrxv lq dwlrq exw qrw vxffhvvlyh lq dwlrq1 Iurp htxdwlrq +4:,
lw lv wkhq hylghqw wkdw frqwudfwv dw wlph | zloo qrw eh dowhuhg hlwkhu1 Iurp wkh ehjlqqlqj lw
zdv qrw reylrxv wkdw vkrfnv zrxog kdyh h�hfwv rq frqwhpsrudqhrxv lq dwlrq rqo|/ dqg wkxv
qhlwkhu wkdw frqwudfwlqj zrxog eh vwdwlf1

8151 Glvfuhwlrq

Dv qrwhg e| Fxuulh ) Ohylqh +4<<6,/ dq dqdo|wlfdo vroxwlrq wr wkh prgho lv hdvlo| rewdlqhg
xqghu glvfuhwlrq1 H{shfwdwlrqv rq wkh fhqwudo edqn*v ehkdylru duh h{rjhqrxvo| jlyhq dqg
zloo qrw eh dowhuhg zkdwhyhu wkh edqn grhv1 Wkh fhqwudo edqn zloo wkhuhiruh plqlpl}h wkh
shulrg orvv ixqfwlrq +4, dw hdfk wlph shulrg/ nqrzlqj wkdw wkh vdph plqlpl}dwlrq zloo eh
fduulhg rxw qh{w shulrg dqg wkdw djhqwv h{shfw wklv wr eh wkh fdvh1 Wkh sureohp lv wkxv
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Qrz/ vlqfh erwk frqwudfw lq dwlrq/ ^|/ dqg fruh lq dwlrq/ S|/ rqo| ghshqg rq h{shfwdwlrqv
dqg h{shfwdwlrqv duh jlyhq/ wkhvh yduldeohv zloo eh frqvwdqw<1 Zh wkhq revhuyh wkdw

Ze
|nrc| ' ��� ' Ze

|n2c| ' Ze
|n�c| , S| ' Ze� +54,

Wdnlqj h{shfwdwlrqv ri +53, dqg xvlqj +54, |lhogv
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zklfk lpsolhv wkdw
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Zh vxevwlwxwh iru S| lq +53, wr rewdlq wkh srolf| uxoh
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D frpsdulvrq ri +55, zlwk wkh srolf| uxoh xqghu glvfuhwlrq lq wkh wudglwlrqdo prgho/
htxdwlrq +:,/ vkrzv wkdw wkh wzr srolf| uxohv duh lghqwlfdo1

8161 Surshuwlhv ri lq dwlrq dqg rxwsxw

Mxvw dv lq wkh suhylrxv vhfwlrq/ zh kdyh vhhq wkdw wkh srolf| uxohv/ erwk xqghu frpplw0
phqw dqg xqghu glvfuhwlrq/ lpso| wkdw lq dwlrq dqg rxwsxw iroorz wkh vdph sdwkv dv lq wkh
wudglwlrqdo prgho1 Wkh surshuwlhv ri lq dwlrq dqg rxwsxw duh wkxv xqfkdqjhg1 Krzhyhu/
L kdyh qrw vkrzq wkdw wkh sureohpv vroyhg lq wklv prgho dqg lq wkh wudglwlrqdo prgho duh
htxlydohqw1 Lw lv wkhuhiruh qrw lpphgldwho| dssduhqw wkdw wkh vdph olqhdu lq dwlrq frqwudfw
vwloo |lhogv rswlpdolw|1 Dv h{shfwhg wkrxjk/ d vkruw frpsxwdwlrq lv hqrxjk wr vkrz wkdw wkh
vdph olqhdu lq dwlrq frqwudfw/ &f ' bk+W/ uhqghuv rswlpdolw| lq wklv prgho dovr1

91 Orqj whup qrplqdo frqwudfwlqj dqg shuvlvwhqfh

Vr idu/ L kdyh devwudfwhg iurp rxwsxw shuvlvwhqfh lq wkh dqdo|vlv1 Jlyhq wkdw zh kdyh vroyhg
wkh prgho lq wkh suhylrxv vhfwlrq/ lw lv hdv| wr doorz iru shuvlvwhqfh1 Wkh hfrqrp| lv wkhq
ghvfulehg e|

+| ' 4+|3� n k EZ| � S|� n "|

dqg htxdwlrqv +49, dqg +4:,1

<Wklv dujxphqw frphv iurp Fxuulh ) Ohylqh +4<<6,1
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Zh qrz dxjphqw wkh vwdwh yhfwru zlwk odjjhg rxwsxw/ +|3�/ dqg rewdlq
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9141 Frpplwphqw

Vlpxodwlrqv qrz vkrz wkdw wkhuh lv d gl�huhqfh ehwzhhq wkh wudglwlrqdo prgho dqg wkh prgho
lqwurgxfhg lq wklv vhfwlrq +khqfhiruwk uhihuuhg wr dv wkh Exlwhu0Ploohu prgho,1 Wkh gl�huhqfh
xqghu frpplwphqw lv vpdoo/ wkrxjk1 Dv fdq eh vhhq lq �jxuh 4 dqg �jxuh 5/ wkh sdwkv
ri lq dwlrq duh yhu| vlplodu lq wkh wzr prghov zkhq wkh| duh klw e| wkh vdph vhtxhqfh ri
vkrfnv1 Wkh pdjqlwxgh ri wkh uhvsrqvhv duh htxdo/ exw vkrfnv kdyh pruh orqj0odvwlqj h�hfwv
zkhq frqwudfwv kdyh orqjhu gxudwlrq/ dv lq wkh Exlwhu0Ploohu prgho1

Wkh sdwkv ri rxwsxw duh dovr yhu| vlplodu/ dv lv dssduhqw iurp �jxuh 6 dqg �jxuh 7/ exw
rxwsxw vhhpv wr uhwxuq wr wkh qdwxudo ohyho voljkwo| idvwhu lq wkh Exlwhu0Ploohu prgho wkdq lq
wkh wudglwlrqdo prgho1

Lq wkh vwdqgdug prgho/ rqo| frqwhpsrudqhrxv lq dwlrq uhvsrqvhv wr d vkrfn zloo kdyh
h�hfwv rq rxwsxw1 Li wkhuh zhuh odwhu lq dwlrq uhvsrqvhv/ wkhvh zrxog eh udwlrqdoo| iruhvhhq
dqg wkhuhiruh qrw kdyh dq| h�hfwv rq rxwsxw1 D vkrfn dw wlph | zloo wkxv rqo| d�hfw frq0
whpsrudqhrxv lq dwlrq/ exw gxh wr shuvlvwhqfh/ rxwsxw zloo eh d�hfwhg dovr lq vxffhvvlyh
shulrgv1 Lq wkh Exlwhu0Ploohu prgho/ rq wkh rwkhu kdqg/ sulfhv dqg zdjhv duh vhw iru pruh
wkdq rqh shulrg1 Dowkrxjk dq| lq dwlrq uhvsrqvhv lq shulrg | n r wr d vkrfn dw | zloo eh
iruhvhhq douhdg| lq shulrg |/ djhqwv fdqqrw fkdqjh wkhlu frqwudfwv1 Wkhuh lv wkhuhiruh d vfrsh
iru gxudeoh lq dwlrq uhvsrqvhv lq wkh Exlwhu0Ploohu prgho1 Vwlfn| sulfhv dqg zdjhv lqfuhdvh
wkh srvvlelolw| ri xvlqj lq dwlrq wr vwdelol}h rxwsxw1 Wkh fhqwudo edqn zloo xvh vrph ri wklv
lqfuhdvhg iuhhgrp wr ohw qrw rqo| rxwsxw/ exw dovr lq dwlrq ehdu wkh h�hfwv ri wkh vkrfn1

Lq wdeoh 4/ vlpxodwhg yrodwlolwlhv ri lq dwlrq dqg rxwsxw duh uhsruwhg iru gl�huhqw sd0
udphwhu ydoxhv1 Dv h{shfwhg/ wkh yrodwlolw| ri rxwsxw lv voljkwo| orzhu lq wkh Exlwhu0Ploohu
prgho wkdq lq wkh wudglwlrqdo prgho/ exw lw lv qrw d jhqhudo uhvxow wkdw lq dwlrq yrodwlolw|
lv kljkhu1 Zkhq wkh fhqwudo edqn*v zhljkw rq rxwsxw vwdelolw| lv kljk dqg zkhq frqwudfwv
kdyh orqj gxudwlrq/ lq dwlrq yrodwlolw| whqgv wr eh orzhu lq wkh Exlwhu0Ploohu prgho1 Wkh
uhdvrq iru wkh olqn ehwzhhq d kljk zhljkw rq rxwsxw vwdelolw| dqg jdlqv lq lq dwlrq vwdelolw|
lv qrw reylrxv/ exw uhphpehu wkdw zh rqo| orrn dw uhodwlyh yrodwlolwlhv dqg wkdw wkh lqfuhdvhg
zhljkw rq rxwsxw vwdelolw| dssolhv iru wkh vwdqgdug prgho dv zhoo1 Wkh ehvw h{sodqdwlrq L
fdq frph xs zlwk lv wkdw vlqfh lq dwlrq lv d pruh srzhuixo lqvwuxphqw lq wkh Exlwhu0Ploohu
prgho/ lw zloo eh xvhg wr vrph h{whqw hyhq li lq dwlrq vwdelolw| kdv kljk sulrulw|1
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Iljxuh 4= Vlpxodwhg sdwk ri lq dwlrq1

Iljxuh 5= Lpsxovh0uhvsrqvh ri lq dwlrq wr d srvlwlyh rxwsxw vkrfn lq shulrg 81
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Iljxuh 6= Vlpxodwhg sdwk ri rxwsxw1

Iljxuh 7= Lpsxovh0uhvsrqvh ri rxwsxw wr d srvlwlyh rxwsxw vkrfn lq shulrg 81
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Wkh jhqhudo lqwxlwlrq wr wkhvh uhvxowv lv wkdw wkh fhqwudo edqn kdv d pruh srzhuixo wrroer{
zkhq frqwudfwv duh vhw iru vhyhudo shulrgv1 Xqghu frpplwphqw/ wklv wrroer{ zloo eh xvhg
lq dq rswlpdo zd| dqg lw zloo hqdeoh wkh fhqwudo edqn wr ehwwhu frqwuro rxwsxw yrodwlolw|/
vrphwlphv zlwkrxw lqfuhdvlqj lq dwlrq yrodwlolw|1

9151 Glvfuhwlrq

Zkhq wkh fhqwudo edqn dfwv xqghu glvfuhwlrq/ vlpxodwlrqv ri wkh prgho vwloo lqglfdwh wkdw
wkh gl�huhqfh ehwzhhq wkh prghov lv vpdoo1 Iljxuh 8 dqg �jxuh 9 vkrz wkdw wkh ehkdylru
ri lq dwlrq lv doprvw lghqwlfdo lq wkh wzr prghov/ exw wkdw wkh lq dwlrq eldv lv vpdoohu lq
wkh Exlwhu0Ploohu prgho wkdq lq wkh vwdqgdug prgho1 Vlpxodwlrqv vkrz wkdw wklv uhvxow lv
dpsol�hg zkhq hlwkhu frqwudfw ohqjwk/ wkh ghjuhh ri shuvlvwhqfh ru wkh h�hfw ri lq dwlrq
vxusulvhv rq rxwsxw lv lqfuhdvhg/ l1h1 zkhq wkh sdudphwhuv >/ 4 ru k duh lqfuhdvhg1

Wkh lqwxlwlrq iru wklv uhvxow lv qrw fohdu wr ph1 Reylrxvo|/ wkh ehqh�wv ri vxusulvh lq dwlrq
wr wkh fhqwudo edqn zloo eh juhdwhu zkhq frqwudfwv duh �{hg iru vhyhudo shulrgv/ vlqfh wkh
vxusulvh lq dwlrq zloo pdnh lq dwlrq kljkhu wkdq frqwudfwhg dqg h{shfwhg lq dwlrq qrw rqo|
wrgd| exw dovr lq wkh ixwxuh1 Zkdw lv lpsruwdqw/ wkrxjk/ lv wkh pdujlqdo ehqh�w ri vxusulvh
lq dwlrq1 Wkh pdujlqdo frvw lv olqhdu/

�� ' Z| � ZW

dqg wkh vdph lq erwk prghov1 Vrph fdofxodwlrqv rq d vlpsol�hg prgho lqglfdwh wkdw wkh
pdujlqdo ehqh�w zloo ghfuhdvh pruh udslgo| dqg wkdw pdujlqdo ehqh�w zloo eh orzhu iru jlyhq
lq dwlrq h{shfwdwlrqv lq wkh Exlwhu0Ploohu prgho wkdq lq wkh wudglwlrqdo prgho431 L wklqn wkh
phfkdqlvp ehklqg wklv lv wkdw d fhuwdlq lq dwlrq vxusulvh kdv odujhu h�hfwv lq wkh Exlwhu0
Ploohu prgho1 Vlqfh lqfuhdvhv lq rxwsxw duh prvw dssuhfldwhg zkhq rxwsxw lv idu iurp wkh
ghvluhg ohyho/ wkh odujh uhvsrqvh wr wkh lq dwlrq vxusulvh zloo phdq wkdw rxwsxw pryhv udslgo|
wrzdugv ohyhov zkhuh lq dwlrq vxusulvhv duh ohvv ydoxdeoh1

Lw vwloo uhpdlqv wuxh wkdw rxwsxw iroorzv doprvw h{dfwo| wkh vdph sdwk dv lw grhv lq wkh
wudglwlrqdo prgho/ zklfk fdq eh vhhq lq �jxuh : dqg �jxuh ;1 Pruhryhu/ lq wdeoh 4 zh vhh
wkdw lq dwlrq dozd|v lv ohvv yrodwloh lq wkh Exlwhu0Ploohu prgho wkdq lq wkh wudglwlrqdo prgho1
Rxwsxw lv ohvv yrodwloh li wkh fhqwudo edqn*v zhljkw rq rxwsxw vwdelolw|/ b/ lv vpdoo zklfk lv
d vxusulvlqj uhvxow1 Wklv uhvxow lv vlplodu wr wkh uhvxow rewdlqhg xqghu frpplwphqw hduolhu1
Djdlq/ lw lv kdug wr h{sodlq wkh uhvxow/ exw p| dujxphqw lv wkh vdph dv lq wkh suhylrxv
vxevhfwlrq1

43Vhh dsshqgl{ E1
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Iljxuh 8= Vlpxodwhg sdwk ri lq dwlrq1

Iljxuh 9= Lpsxovh0uhvsrqvh ri lq dwlrq wr d srvlwlyh rxwsxw vkrfn lq shulrg 81
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Iljxuh := Vlpxodwhg sdwk ri rxwsxw1

Iljxuh ;= Lpsxovh0uhvsrqvh ri rxwsxw wr d srvlwlyh rxwsxw vkrfn lq shulrg 81
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Wdeoh 4= Vlpxodwhg Yrodwlolw| ri Lq dwlrq dqg Rxwsxw

Vwg1 Ghyldwlrq ri Lq dwlrq Vwg1 Ghyldwlrq ri Rxwsxw

Wudglwlrqdo Exlwhu0Ploohu Wudglwlrqdo Exlwhu0Ploohu

> 4 b Frp1 Glv1 Frp1 Glv1 Frp1 Glv1 Frp1 Glv1

1:8 158 143 13<:6 14346 13<<6 13<<9 1<777 1<76; 1<6<< 1<6<9

183 183 143 14494 146<< 1453: 14645 413434 413377 1<<9< 1<;;7

1:8 183 143 144;6 14743 14587 145;9 4134;6 413459 1<<84 1<<4;

143 183 183 173:; 18;<7 173;8 186<< 1:484 1933< 1:468 195:7

143 158 4133 18536 188<7 1853< 18789 18387 17;7; 1837; 17;<;

158 158 4133 18546 188<7 18544 18669 18388 17;7< 18368 17<84

183 158 4133 18536 18896 184:; 18539 1835: 17;55 17<<9 17<:4

1:8 158 4133 1849; 1885: 18458 18463 17<<7 17:<3 17<95 17<8;

158 158 5133 19;98 1:84; 19;87 19<;; 16669 15<5< 16657 16566

Qrwh= Sdudphwhu ydoxhv xvhg= k ' �c q ' f�bb/ ZW ' f dqg +W ' D1 Vlpxodwlrqv
shuiruphg ryhu 8333 shulrgv1 Frp1 @ frpplwphqw/ Glv1 @ glvfuhwlrq1

9161 Surshuwlhv ri lq dwlrq dqg rxwsxw

Dv kdv ehhq dssduhqw hduolhu lq wklv vhfwlrq/ wkh lqwurgxfwlrq ri shuvlvwhqfh lq rxwsxw pdgh
rxu prghov ehkdyh gl�huhqwo|1 Wkh vlpxodwlrqv L kdyh shuiruphg zlwk gl�huhqw sdudphwhu
ydoxhv lq wkh doorzhg udqjh vxjjhvw wkdw wkh gl�huhqfh ehwzhhq wkh wzr prghov lv vpdoo441
Wkhuh lv vwloo dq lq dwlrq eldv exw lw whqgv wr eh orzhu lq wkh Exlwhu0Ploohu prgho wkdq lq wkh
wudglwlrqdo prgho/ lq sduwlfxodu zkhq frqwudfwv kdyh orqj gxudwlrq/ zkhq rxwsxw shuvlvwhqfh
lv vhyhuh dqg zkhq lq dwlrq vxusulvhv kdyh vwurqj h�hfwv rq rxwsxw1

Iurp wdeoh 4/ zh vhh wkdw wkh vlpxodwhg vwdqgdug ghyldwlrq ri lq dwlrq dozd|v lv kljkhu
xqghu glvfuhwlrq wkdq xqghu frpplwphqw/ dqg wkdw wkh rssrvlwh krogv iru rxwsxw1 Wkh
vlpxodwlrqv wkxv vwurqjo| lqglfdwh wkdw lq dwlrq lv pruh yrodwloh dqg rxwsxw pruh vwdeoh
xqghu glvfuhwlrq wkdq xqghu frpplwphqw/ mxvw dv lq wkh wudglwlrqdo prgho1

Lq wkh wudglwlrqdo prgho/ rswlpdolw| zloo eh dfklhyhg xqghu glvfuhwlrq li wkh rswlpdo
vwdwh0ghshqghqw olqhdu frqwudfw

&f '
bk+W

�� q4
dqg &� ' �

bk4

�� q42
+56,

lv lpsohphqwhg1 Wr h{dplqh wkh h�hfwv ri lpsohphqwlqj d olqhdu lq dwlrq frqwudfw lq wkh
Exlwhu0Ploohu prgho/ L dowhuhg wkh orvv ixqfwlrq dqg shuiruphg qhz vlpxodwlrqv1 Wkh wdujhw
yduldeohv duh qrz

5
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f
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L kdyh pdlqo| oderudwhg zlwk frqwudfw ohqjwk/ �/ wkh ghjuhh ri shuvlvwhqfh/ �/ dqg zlwk wkh fhqwudo edqn*v

zhljkw rq rxwsxw vwdelolw|/ �1 Zkhq � dqg2ru � duh wrr kljk/ wkh qxphulfdo dojrulwkp grhv qrw frqyhujh1

Wkh vdph h{lvwhqfh frqglwlrqv dv lq wkh wudglwlrqdo prgho vhhp wr jxdudqwhh wkdw d vroxwlrq fdq eh irxqg1

+Wkh h{lvwhqfh frqglwlrqv duh uhsruwhg lq Vyhqvvrq ^4<<8`,1
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dqg wkh pdwul{ '� lv jlyhq e|

'� '
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97
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6
:8 �

Wkh qdwxudo �uvw dwwhpsw zdv wr xvh wkh sdudphwhu ydoxhv zklfk duh rswlpdo lq wkh wudglwlrqdo
prgho/ l1h1 wkrvh jlyhq e| +56,1 Vrphzkdw vxusulvlqjo|/ frqvlghulqj wkdw wkh lq dwlrq eldvhv
duh qrw wkh vdph lq wkh wzr prghov/ wklv frqwudfw wxuqhg rxw wr |lhog rswlpdolw| dovr lq wkh
Exlwhu0Ploohu prgho1

:1 Frqfoxglqj uhpdunv

Lq wklv sdshu/ L kdyh h{dplqhg krz vhqvlwlyh wkh uhvxowv lq wkh olwhudwxuh rq wlph frqvlvwhqw
prqhwdu| srolf| duh wr wkh vshfl�f prgholqj ri wkh vxsso| vlgh ri wkh hfrqrp|1 Lq sduwlfx0
odu/ L kdyh ehhq lqwhuhvwhg lq wkuhh txdolwdwlyh surshuwlhv ri wkh hfrqrp| xqghu glvfuhwlrqdu|
prqhwdu| srolf|/ qdpho| wkh lq dwlrq eldv/ wkh vwdelol}dwlrq eldv zkhq wkhuh lv rxwsxw shuvlv0
whqfh dqg wkh srvvlelolw| wr rewdlq rswlpdolw| zlwk vwdwh0frqwlqjhqw olqhdu lq dwlrq frqwudfwv1
Rq wkh zd|/ L kdyh dovr irxqg vrph lqwhuhvwlqj txdqwlwdwlyh uhvxowv1

Wkh dqdo|vlv vwurqjo| lqglfdwhv wkdw wkh uhvxowv rewdlqhg lq wkh suhylrxv olwhudwxuh duh
yhu| urexvw wr fkdqjhv lq wkh vshfl�fdwlrq ri wkh vxsso| vlgh1 Iluvw/ dv qrwhg e| Urehuwv
+4<<8,/ d ydulhw| ri gl�huhqw prghov ri wkh vxsso| vlgh hqg xs zlwk lghqwlfdo Skloolsv fxuyhv1

Vhfrqg/ wkh gl�huhqw Skloolsv fxuyhv L kdyh dqdo|}hg |lhog hlwkhu wkh vdph ru yhu| vlplodu
uhvxowv dv zkhq wkh h{shfwdwlrqv dxjphqwhg Skloolsv fxuyh lv xvhg1 Li wkhuh lv qr shuvlvwhqfh
lq rxwsxw ru li frqwudfwv duh zulwwhq iru rqo| rqh shulrg dkhdg/ doo prghov L kdyh h{dplqhg
|lhog h{dfwo| wkh vdph uhvxowv dv zkhq wkh wudglwlrqdo/ h{shfwdwlrqv dxjphqwhg Skloolsv fxuyh
lv xvhg1

Li rxwsxw shuvlvwhqfh dqg orqj0odvwlqj frqwudfwv duh lqwurgxfhg/ lq dwlrq dqg rxwsxw zloo
ehkdyh voljkwo| gl�huhqwo| wkdq zkhq wkh wudglwlrqdo Skloolsv fxuyh lv xvhg1 Wkh gl�huhqfh
dsshduv wr eh txdqwlwdwlyho| vpdoo wkrxjk/ dqg doo wkh txdolwdwlyh uhvxowv vwloo krog � wkhuh
lv vwloo erwk dq lq dwlrq eldv dqg d vwdelol}dwlrq eldv xqghu glvfuhwlrq dqg wkh vdph vwdwh0
frqwlqjhqw olqhdu lq dwlrq frqwudfw dv lq wkh wudglwlrqdo prgho pdnhv wkh fhqwudo edqn ehkdyh
dv xqghu frpplwphqw dqg wkxv uhqghuv rswlpdolw|1

Wklv odvw uhvxow lv wkh rqh L �qg prvw lqwhuhvwlqj dqg lpsruwdqw1 Shuvvrq dqg Wdehoolql
+4<<6, vkrzhg wkdw d olqhdu lq dwlrq frqwudfw zloo jlyh rswlpdolw| iru d eurdg fodvv ri orvv
ixqfwlrqv1 P| h{huflvh lqglfdwhv wkdw wklv lv wuxh dovr iru d eurdg fodvv ri prghov ri wkh vxsso|
vlgh1 Wkh rswlpdo frqwudfw zloo ghshqg rq vrph sdudphwhu ydoxhv zklfk duh kdug wr lghqwli|
dqg dovr rq wkh vkdsh ri wkh orvv ixqfwlrq1 Dq|krz/ wkhvh �qglqjv vxssruw wkh ylhz wkdw wkh
fhqwudo edqn vkdoo eh sxqlvkhg/ h{solflwo| ru lpsolflwo|/ zkhq lq dwlrq ehfrphv kljkhu wkdq
wkh lq dwlrq wdujhw1 Dv qrwhg e| rwkhu dxwkruv/ wkh lpsohphqwdwlrq dqg dqqrxqfhphqw ri
dq lq dwlrq wdujhw pljkw lpsrvh vxfk dq lpsolflw frqwudfw lq lwvhoi1
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Dsshqglfhv

D1 Qxphulfdo vroxwlrq phwkrg

Wkh phwkrg iru vroylqj wkh v|vwhp
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-Z|� +57,

vxemhfw wr +4;, lv ghvfulehg lq Edfnxv ) Gul!oo +4<;9,1 Qrwh wkdw wklv lv qrw d vwdqgdug
txdgudwlf0olqhdu g|qdplf rswlpdo frqwuro sureohp/ vlqfh wkh vwdwh yhfwru frqwdlqv wkh iruzdug
orrnlqj yduldeoh �̂e1 Krzhyhu/ Edfnxv dqg Gul!oo vkrz wkdw wkh vroxwlrq phwkrg lv vlplodu
wr wkdw ri wkh vwdqgdug rswlpdo frqwuro sureohp1 Wkh phwkrg lv dovr ghvfulehg lq Vyhqvvrq
+4<<7, dqg lq fkdswhu 9 ri Fxuulh ) Ohylqh +4<<6,1

D141 Frpplwphqw

Zh dvvxph djhqwv kdyh udwlrqdo h{shfwdwlrqv/ lpso|lqj �̂|n� ' �̂e
|n�c|

nD|n�/ zkhuh wkh iruhfdvw
huuru D|n� lv xqfruuhodwhg zlwk doo lqirupdwlrq dydlodeoh dw wlph |1 Wkh Ehoopdq htxdwlrq lv
wkhq wkh wudglwlrqdo
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vxemhfw wr +4;,1 Zh vxevwlwxwh iurp wkh wudqvlwlrq htxdwlrq lq wr wkh remhfwlyh dqg rewdlqv

a E~|� '
�

2
~ �

|
T ~| ' 4�?

Z|

�

2
i~ �

|
'~| n ~ �

|
LZ| n Z�

|
L �~| n Z�

|
-Z|n +58,

nq.| E�~| n�Z| n7"|n��
�

T E�~| n�Z| n7"|n��
r
� +59,

Khuh 7" lv gh�qhg wr eh wkh yhfwru ri h{rjhqrxv vkrfnv/ lqfoxglqj D1 Wkh �uvw rughu frq0
glwlrq lv wkhq jlyhq e|
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zklfk lpsolhv wkdw
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Qrz/ vxevwlwxwlqj +5:, lqwr +59, |lhogv
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zkhuh & lv d frqvwdqw1 Glvuhjduglqj wkh frqvwdqw whup/ wklv lpsolhv wkdw
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Wkh ydoxh ri T lv fdofxodwhg qxphulfdoo| e| xvlqj wkh h{suhvvlrq iru 8 lq +5:, lq htxdwlrq
+5;, dqg lwhudwlqj rq +5;,/ vwduwlqj zlwk vrph duelwudu| srvlwlyh vhplgh�qlwh pdwul{ T / h1j1
Tf ' U1

Qrz/ zh kdyh irxqg wkh ghflvlrq uxoh dqg wkh rswlpdo ydoxh ixqfwlrq1 Rqh sureohp
uhpdlqv wr eh vroyhg wkrxjk/ qdpho| wkdw ri �qglqj wkh lqlwldo ydoxh ri �̂1 Zh qhhg wkdw

ydoxh wr jhw wkh lqlwldo ydoxh ri ~f '
k
ff �̂f

l
�

/ zkhuh zh douhdg| nqrz ff1 L xvh wkh

Odjudqjldq phwkrg +vhh Edfnxv ) Gul!oo/ vhfwlrq 515, wr fdofxodwh vkdgrz sulfhv iru �̂1 Wkh
Odjudqjldq wr +57, vxemhfw wr +4;, lv jlyhq e|
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lv wkh suhvhqw ydoxh Odjudqjh pxowlsolfdwru dvvrfldwhg zlwk wkh uhvwulfwlrq +4;, dw
wlph |1 Ohw xv sduwlwlrq > dffruglqj wr wkh suhghwhuplqhg dqg qrq0suhghwhuplqhg yduldeohv
ri wkh vwdwh yhfwru
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Sduwlwlrqlqj T dffruglqj wr wkh suhghwhuplqhg dqg qrq0suhghwhuplqhg yduldeohv dqg xvlqj
wkh sduwlwlrqlqjv ri ~| dqg >| suhylrxvo| vshfl�hg/ zh fdq zulwh wklv dv%
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zkhuh L kdyh gh�qhg wkh fxuuhqw ydoxh vkdgrz sulfhv R| ' q3|>�̂c|n�1 Zh qrz jhw dq h{suhv0
vlrq iru wkh iruhfdvw huuru/
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vlqfh f| �.|3�f| ' 1|1 Wklv jlyhv xv wkh sdwk iru �̂1
Zh nqrz wkdw R�̂cf ' f vlqfh wkdw lv wkh vkdgrz sulfh iru wkh h{ dqwh rswlpl}dwlrq sureohp/

dqg wkh srolf| uxoh fdq eh fkrvhq zlwk rxw uhvwulfwlrqv1 Wklv jlyhv xv dq lqlwldo ydoxh ri �̂1
Wkh vroxwlrq wr wkh sureohp fdq qrz eh vxppdul}hg dv
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D151 Glvfuhwlrq

Wkh dojrulwkp xvhg wr vroyh wkh prgho xqghu glvfuhwlrq lv ghvfulehg lq Vyhqvvrq +4<<7,1 Wkh
dojrulwkp lv=

41 Sduwlwlrq wkh pdwulfhv �/ �/ '/ dqg L dv=

� '

%
��� ��2
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51 Lqlwldwh T W ' f6f6 dqg � ' f�f?/ zkhuh 6 lv wkh qxpehu ri qrq0suhghwhuplqhg
yduldeohv dqg ? lv wkh qxpehu ri suhghwhuplqhg yduldeohv lq wkh v|vwhp1

61 Wkhq fdofxodwh

( ' E�22 � ���2�
3� E���� � �2��

C ' E�22 � ���2�
3� E��� � �2�

�W ' ��� n��2(

�W ' ��2Cn��

'W ' '�� n'�2( n(� �'2� n(�'22(

LW ' '�2Cn(�'22Cn L� n(�L2

-W ' -nC�'22CnC�L2C

8 W ' E-W � q�W�T W�W�
3�

ELW� n q�W�T W�W�

T W ' 'W � LW8 W � 8 W�LW� n 8 W�-W8 W n q E�W � �W8 W�� T W E�W ��W8 W�

� ' ( �C8 W

dqg lwhudwh rq wkhvh fdofxodwlrqv xqwlo wkh v|vwhp kdv frqyhujhg1

71 Wkh odzv ri prwlrq iru wkh v|vwhp lv wkhq jlyhq e|

~|n� ' �W~| n 70|n�

�

%
�W � �W8 W f

� E�W � �W8 W� f

&
~| n

%
U

�

&
1fc|n��

E1 Wkh lq dwlrq eldv

Lq wklv dsshqgl{/ L wu| wr foduli| zk| wkh lq dwlrq eldv ehfrphv orzhu lq wkh Exlwhu0Ploohu
prgho wkdq lq wkh vwdqgdug prgho1 Wkh pdujlqdo frvw ri dgglwlrqdo lq dwlrq lv olqhdu dqg
wkh vdph lq erwk prghov=

�� ' Z| � ZW

Dv phqwlrqhg lq wkh wh{w/ fdofxodwlrqv rq d vlpsol�hg prgho lqglfdwh wkdw wkh pdujlqdo
ehqh�w zloo ghfuhdvh pruh udslgo| dqg wkdw pdujlqdo ehqh�w zloo eh orzhu iru jlyhq lq dwlrq
h{shfwdwlrqv lq wkh Exlwhu0Ploohu prgho wkdq lq wkh wudglwlrqdo prgho1
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Ohw xv dvvxph zh duh lq d vwdeoh vwdwh zkhuh rxwsxw lv dw lwv qdwxudo ohyho/ wkhuh duh qr
h{rjhqrxv vkrfnv dqg zkhuh lq dwlrq h{shfwdwlrqv dqg frqwudfwv duh dw wkh vdph ohyho

Ze ' S| ' Ze|c|3� ' Ze|nrc|3��

Qrz/ dvvxph wkh fhqwudo edqn udlvhv lq dwlrq xqh{shfwhgo| dqg pdujlqdoo| wr d qhz ohyho/
zklfk lv pdlqwdlqhg dovr lq shulrg |n�/ zkhuhdiwhu wkh lq dwlrq udwh uhwxuqv wr wkh ruljlqdo
ohyho1 Ohw xv dovr dvvxph wkdw wklv ixwxuh sdwk ri lq dwlrq lv uhfrjql}hg e| wkh djhqwv1 Lq
wkh vwdqgdug prgho/ wkh pdujlqdo ehqh�w ri wklv dfwlrq lv

��r ' �
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'
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�� q4
+W �
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�� q42
EZ| � Ze� �

Lq wkh Exlwhu0Ploohu prgho/ wkh vxusulvh lq dwlrq zloo wr vrph h{whqw eh d vxusulvh dovr lq
|n �1 Vrph fdofxodwlrqv wkhq |lhog
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Wkh pdujlqdo ehqh�w ehfrphv

���� ' �
"[
r'f

qrb E+|nr � +W�
Y+|nr

YZ|

' �bk dk EZ| � S|�� +Wo n

�
"[
r'�

qrb4r3� d4kn k> E2� >�o�

k
k4r EZ| � S|� n k4r3�> E2� >� EZ|n� � S|�� +W

l

' �
"[
r'f

qr4rkb dk4r EZ| � S|�� +Wo n

�
"[
r'�

qr4r3�k> E2� >�b dk4r EZ| � S|�� +Wo

�
"[
r'�

qr42r3�k2b> E2� >� EZ|n� � S|�

�
"[
r'�

qr42r32k2>2 E2� >�2 b EZ|n� � S|�

56



'
bk

�� q4
d� n q> E2� >�o +W n

�
bk2

�� q42

k
� n 2q4> E2� >� n q>2 E2� >�2

l
EZ| � S|�

Wkh fdofxodwlrqv uhvxow lq pdujlqdo ehqh�w ixqfwlrqv

��7 � @�+
W � @2 EZ| n Ze

|
�

���� � K�+
W � K2 EZ| n Ze

|
�

iru wkh vwdqgdug prgho dqg wkh Exlwhu0Ploohu prgho uhvshfwlyho|1 Zh kdyh vhhq wkdw K� : @�c

K2 : @2 dqg wkdw wkh uhodwlyh gl�huhqfh ehwzhhq K� dqg @� lv lqfuhdvlqj lq q/ > dqg 4 +qrw iru
� ' �,/ zkloh wkh devroxwh gl�huhqfh lv lqfuhdvlqj lq wkhvh sdudphwhuv dv zhoo dv lq k dqg b1

Wkh htxloleulxp lq dwlrq eldv lv wkdw zklfk htxdwhv pdujlqdo frvw zlwk pdujlqdo ehqh�wv1
D judsklfdo dqdo|vlv +vhh �jxuh E14, qrz vkrzv wkdw wkh lq dwlrq eldv zloo eh orzhu lq wkh
Exlwhu0Ploohu prgho/ dw ohdvw iru vrph sdudphwhu ydoxhv1

Inflation

MC

MBT

MBS

πec

Iljxuh E141 Htxloleulxp lq dwlrq eldv lq wkh vwdqgdug

prgho +Ze, dqg lq wkh Exlwhu0Ploohu prgho +S,1
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